Mathematica 11.3 Integration Test Results

Test results for the 298 problems in "1.1.4.3 (e x)"m (a x*j+b x"k)"p
(ctd x"n)*gq.m"

Problem 220: Result unnecessarily involves imaginary or complex numbers.
JXS/Z (A+Bx*) A/bx*+cx* dx

Optimal (type 4, 243 leaves, 7 steps):
4b% (3bB-5Ac) Vbx?+cx* 4b(3bB-5Ac)x*2vVbx?+cx?

231 c3+/x 385 c?
2(3bB—5Ac)x7/2\/bx2+cx4 2Bx3/2 (bx2+cx“)3/2
N ,
55 ¢ 15 ¢

2 1/4
2614 (36B-5AC) x (\/F+\/c_x) \I LA E1lipticF[2 ArcTan |~ W}, 1]

S S5y

[231 34\ /bx?+cx? )

Result (type 4, 177 leaves):
1
1155 ¢3

2./ x? <b+cx2)

L(:-3e>b3B+2bc2x2 (15A+7Bx?) -2b%c (25A+9Bx*) +7c>x* (15A+11BX*)) +

V X
i+/b
b Ve
10ib® (-3bB+5Ac) |1+ EllipticF[i ArcSinh| ], -1] /
c x? Vx
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Problem 221: Result unnecessarily involves imaginary or complex numbers.
st/z (A+BX?) \/bx*+cx* dx

Optimal (type 4, 369 leaves, 8 steps):
4b2 (7bB-13Ac) x*2 (b+cx?)  4b (7bB-13Ac) V/x Vbx2+cx?

195¢>2 (/b + V¢ x| VbxZrcxt 585 c?
2(7bB—13Ac)x5/2\/bx2+cx4 2B\/?(bx2+cx4)3/2
. _
117 ¢ 13 ¢
2 1/4
4b°* (7bB-13Ac) x (Vb ++/c x| b EllipticE[ZAr‘cTan[ﬂ], = /
(\/F+\/?x)2 bt/ 2
(195 A4\ bx?+ex* |+
2 1/4
2b°* (7bB-13Ac) x (\/F+V?x) brcx EllipticF[ZAr‘cTan[ﬂ], l} /
(\/F+\/c_x)2 bt/ 2
(195 %\ [bx? 4o x )
Result (type 4, 273 leaves):
! x* (b+cx?)
195 x
2x3/2 (-14b%B+2b 13A+5Bx? 5c2x? (13A+9Bx? i
x3/2 ( +2bc | +5Bx?) +5c2x? ( + x))+ ab? (7b8-13AC) ﬂ
3¢? N
ivb_
[ b Je
<b+cxz) —\/F\/? 1+ - x3/2 EllipticE[j Ar‘cSinh[?}, —1] +\/F\/?
cx X
ivb
\/_ .
14— 2 EllipticF[jAr‘cSinh[?c], -1] / ]l\/\/_F AVx (b+cx?)
cX X c

Problem 222: Result unnecessarily involves imaginary or complex numbers.

J\/Y (A+Bx2) A/ bx?+cx* dx
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Optimal (type 4, 204 leaves, 6 steps):
4b (5bB-11Ac) Vbx?+cx* 2 (5bB-11Ac) x*2/bx?+cx* 2B (bx?+cxt)??

+ +
231c¢2+/x 77 c 11c/x
b 2 1/4 1
2674 (sbB-11Ac) x (Vb +c x| — 2 EllipticF[2ArcTan|© &}, = /
(W+ﬁx)2 bt/* 2
(231 4 /bx?+cx?
Result (type 4, 159 leaves):
1
— [ x? (b+cx2)
231
—2eb23+4bc(11A+3Bx2)+6c2x2 (11A+7Bx2) b
+ 41'1b2(5bB—11Ac> 1+
c2/x cx?

EllipticF|i ArcSinh|

Problem 223: Result unnecessarily involves imaginary or complex numbers.
(A+Bx?) Vbx?+cxt
=%
Optimal (type 4, 326 leaves, 7 steps):
4b (bB-3Ac) x*? (b+cx?) 2 (bB-3Ac)V/x Vbx*+cxt L (bx2+cx*t)??

dx

+

15672 (Vb o ve x| VB et 15¢ 8¢
2 1/4
4b%* (bB-3Ac) x (Vb ++/c x| —2+¥  Elliptice[2arcTan|S V¥ S /
(Vo Ve x|? bise 72

(15 c7/*/bx*+cx?

2 1/4
2b%4 (bB-3Ac) x (\/F+\/?x) o brexd EllipticF[ZAr‘cTan[c VX

(\/F-%—\/?X)Z b1/4

N |
\

(15 c7/*/bx?+cx?
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Result (type 4, 247 leaves):

1 e (b+cx?)
15 x
2x%2 (2bB+9AC+5Bcx? i
" (2bBr9ACH cx)—4b(bB—3Ac) ivh (b+cx?) -vb Ve |1+ b
3c N c x?
ivb
G b
x>/2 E1lipticE i ArcSinh]| ], -1] +vVb Ve |1+ x3/2
VX ¢ x?
ivb
F

EllipticF[i ArcSinh|

Problem 224: Result unnecessarily involves imaginary or complex numbers.
J(A+Bx2) Vbx?+cx*

X3/2

dx

Optimal (type 4, 165leaves, 5steps):
2 (bB-7Ac) Vbx?+cx? ZB(bszrcx“>3/2

+ —

21 c /X 7 cx?/2

2 1/4
207* (bB-7Ac) x (Vb +Vec x| LZ E1lipticF[2 ArcTan| < lf S /
(Vo Ve ¥ b 2

(21 c®*/bx?+cx?

Result (type 4, 134 leaves):

1 2 2
b
o1 X ( +cx)

o

iy
; b o . . Ve
2 (2bB+7Ac+3BCx) 41b(bB7Ac)HE111pt1cF[nArcslnh[ o |, -1]
@V ifb ¢ (b+cx?)

Ve
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Problem 225: Result unnecessarily involves imaginary or complex numbers.
J(A+BX2) Vbx?+cxt

x>/2

dx

Optimal (type 4, 323 leaves, 7 steps):
4 (bB+5Ac) x*2 (b+cx?) 2(bB+5Ac)\/T\/bx2+cx4 2A<bx2+cx“)3/2

5\/?(\5+\/?x)\/bx2+cx4 5b b x7/2
2 1/4
4b'* (bB+5AcC) x (W+\/?x) _ brext EllipticE{zArcTan[c Vx 1] /
(\/F+\/?x)2 bt/4 2

+

(5 A4 /bx?+cxt

b 2 1/4 1
2bY* (bB+5AC) X (W+\/?x> e Ellip‘cicF{ZAr‘cTan[c Vx. =] /
(\/F+\/?x)2 bt/ 2
(5c3/4x/bx2+cx4
Result (type 4, 218leaves):
1 2 (2bB+5Ac+Bcx?) 1
—/%* (b+cx?) +
5 X cVx b+cx?

ol

ivb
i Ve

oas ivh (bB+5AC) |1+ b x E1lipticF [i ArcSinh| - ], -1]
b+cx? Ve c x? Vx

Problem 226: Result unnecessarily involves imaginary or complex numbers.
J(A+Bx2) Vbx?+cx*

x7/2

ivb
i /b b \ Ve
ar |20 (bB+5Ac) |1+ —— xEllipticE[i ArcSinh|
Ve

dx

Optimal (type 4, 163 leaves, 5steps):
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2 (bB+Ac) Vbx2+cxt 2A(bx2+cx“)3/2

- +

3b/x 3 b x%/2
2 1/4
2 (bB+Ac) x (\/F-%—\/?X) o brex? EllipticF[ZAr‘cTan[i], l] /
(\/F+\/?x)2 bt/4 2

(3 b1/4 C1/4 /b XZ i c X4

Result (type 4, 119leaves):

2 (-A- 8] 41 (bB+Ac) [1+-2 EllipticF[jArcSinh[lr[], -1]
.

4

ﬁ

X

1 X2 (b+cx2) s
3 X
ive (b+cx?)

C

Problem 227: Result unnecessarily involves imaginary or complex numbers.
J(A+Bx2) Vb x?+cx*

x9/2

dx

Optimal (type 4, 328 leaves, 7 steps):
4+/c (5bB+Ac)x¥? (b+cx?) 2(5bB+Ac)Vbx2+cxt 2A (bx2+cxt)??

Sb(\/FJr\/?X) Vb x%+cxt 5bx3/? 5 b x'1/2
2 1/4
4c* (sbB+AC)x (Vb +/c x| EELERS S EllipticE[ZArcTan[i S /
(VB /e x| b4 2

+

(5 b3/4+/bx%+cx*

2 1/4
2cV4 (5bB+AC) X (W+\/?x) _ brext EllipticF[ZAr‘cTan[i

(\/F-*—\/?X)Z b1/4

N |
\

(5 b3/4+/bx%+cx*

Result (type 4, 219leaves):
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2 Wb b (-A+5Bx?) (b+cx?) -
Ve
ivb
r
2+/c (sbB+Ac) [1+ x”/2 E1lipticE [i ArcSinh| s
c x? VX
ivb_
b Ve
2+/c (5bB+Ac) |1+ x7/2 E1lipticF [i ArcSinh [ ———], -1] /
c x? VX

5b

b+cx)

Problem 228: Result unnecessarily involves imaginary or complex numbers.
J(A+Bx2) Vbx?+cx*

X11/2

dx

Optimal (type 4, 167 leaves, 5steps):
2 (7bB-Ac)Vbx2+cxt  2A (bx2+cxt)??

+

21b XS/Z 7b X13/2
b 2 1/4 1
234 (7bB—Ac> X (\/F+\/c_x) e EllipticF{ZAr‘cTan[i}, f] /
(VB /e x| ore 2
(21b5/4x/bx2+cx4
Result (type 4, 138 leaves):
1
— ./ x? (b+cx2)
21
iVb

y -

|

2 (3Ab+ 7583+ 2Ac ] 4ic(7bB-Ac) [1+-° EllipticF[iArcSinh|
;

b x9/2
b Ljv_b (b+cx2)
C
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Problem 229: Result unnecessarily involves imaginary or complex numbers.
J(A+BX2) Vbx?+cxt

X13/2

dx

Optimal (type 4, 369 leaves, 8 steps):
4c*¥2 (3bB-Ac)x¥? (b+cx?) 2(3bB-Ac)Vbx?+cx?

15 b2 (W+\/?x) Neyansa 15bx7/2
4c<3bB—Ac) Vb x?+cxt 2A(bx2+cx4)3/2
15 b2 x3/2 N 9 b x15/2 N
2 1/4
4c>* (3bB-Ac) x (W+\/?x) _ brext EllipticE[ZAr‘cTan[c Vx l] /
(W+\/?x)2 bt/4 2

+

(15 b7/4+/b x? + c x*

2 1/4
2¢¥4 (3bB-Ac) x (W+\/?x) _brex EllipticF{zAr‘cTan[c VX

(\/F-*—\/?X)Z b1/4

N |
\

(15 b7/4+/bx?+cx*
Result (type 4, 241 leaves):

Jl\/?x
Vb

(b+cx2) (9be2 (b+2cx2) +A<5b2+2bcx2—6c2x4)> -

R .
6Vb c*? (3bB-Ac) x° 1+c;( EllipticE[i ArcSinh] IWX],—1]+

2

6Vb c3/2 (BbB—Ac) x> 1+CX

aspron | LVEX paT oAy
Vb

Problem 230: Result unnecessarily involves imaginary or complex numbers.
J(A+Bx2) Vb x?+cx*

X15/2

ive X
EllipticF [i ArcSinh| |, -1] /

dx

Optimal (type 4, 204 leaves, 6 steps):
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2 (11bB-5Ac)Vbx2+cx* 4c(11bB-5Ac) Vbx*+cx? 2A(bx2+cx4)3/2

77 b x°/2 231 b2 x3/2 11 b x17/2
b 2 1/4 1
2c¢”/* (11bB-5Ac) x (\/F+\/?x) Lz EllipticF[ZAr‘cTan[#], =] /
(\/F+\/c_x) b/ 2
[231 b%4+/bx%+cx?
Result (type 4, 158 leaves):
1
231 b2
-11bBx? (3b+2cx?) +A (-21b?-6bcx?+10 c? x*)
2./% (b+cx?) +]2ic*(-11bB+5Ac)
X13/2
i+/b
Ve i/ b
e — EllipticF[i ArcSinh| —-], -1] / iVo (b+cx?)
CcX X

Problem 231: Result unnecessarily involves imaginary or complex numbers.

Jx”z (A+Bx2) (b x2+cx“>3/2 dx

Optimal (type 4, 486 leaves, 11 steps):

| 9
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88b° (3bB-5Ac) x/2 (b+cx?) 88b* (3bB-5Ac) Vx Vbx?+cx?
- +

16575 c?/2 (\/FJr\/?x) Vb x2+cxt 49725 c*
88b> (3bB-5Ac) x*’2V/bx?+cx* 8b?(3bB-5Ac) x¥?Vbx?*+cx?
69615 c3 7735 c?
4b <3bB—5Ac) x13/2/bx2+cxt 2 (3bB—5Ac) x9/2 (bx2+cx4)3/2 2B x°/2 (bx2+cx“>5/2
_ . _
595 ¢ 105 c 25 ¢
b+ cx? cl/4+/x 1
88 b4 (3bB-5Ac) x (\E+\Ex) * ; EllipticE[ZAr*cTan[li;{—], =] /
(VB - Ve ) b 2
(16575c19/4x/bx2+cx4 +
b 2 1/4 1
44 p?1/4 (3bB—5Ac) X (\E+\Ex) rex EllipticF[ZAr‘cTan[# f} /
b 2

S
(16 575 c®/4\/bx%®+cx*

Result (type 4, 332leaves):

1 1

2 (x? (b+cx?))??
348075 c° x3 (b+cx2>2 Vx

(b+cx®) (2772b°B-924b°c (5A+BxX*) +220b* c* x* (7A+3Bx2>+36b2 c*x® (25A+13BX?) +
663 c® x° (25A+218x2)—20b3c3x4(55A+27Bx2)+39bc5x8 575A+459Bx))+

i+b
\/7
9241 b° c(3bB-5Ac) |1+ x E1lipticE[i ArcSinh|
c x? VX
yb
924 i b® ivh c (3bB-5Ac) x E1lipticF[i ArcSinh | ———], -1]
Ve Vx

Problem 232: Result unnecessarily involves imaginary or complex numbers.

JS/z (A+Bx ) (bx2+cx4>3/2d1x

Optimal (type 4, 321 leaves, 9steps):
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24b* (13bB-23Ac) Vbx?+cx* 72b* (13bB-23Ac) x¥2/bx?+ cx*

+ —

33649 c*/x 168245 ¢3
8 b2 (13bB—23Ac) x"/2/bx2+cx* 4b (13bB—23Ac) x11/2 /b x2 + c x4
24035 c? 2185 ¢
2 (13bB—23Ac) x7/2 (bx2+cx4>3/2 2B x3/2 (bx2+cx4)5/2
+ +
437 ¢ 23 c
b 2 1/4 1
1264 (13bB-23Ac) x (Vb +/c x| e EllipticF[ZAr‘cTan[ﬂ], =] /
(W+Wx)2 bt/* 2

(33 649 c'7/4 /b x? + c x*

Result (type 4, 219leaves):
1

168245 ¢4

24/x* (b+cx?)

L(—780b58+28b2c3x4 (23A+113x2) +385 ¢’ x® (23A+19Bx2) +12b%c (115A+39Bx2) -

Vx

4b>c?x* (207A+91BX?) +77bc* x® (161A+125B X)) +

ivb
\/_

60 i b> (13bB-23Ac) EllipticF[i ArcSinh|

\ﬁ

Problem 233: Result unnecessarily involves imaginary or complex numbers.

Jm (A+Bx2) (bx®+cxt)>?ax

Optimal (type 4, 447 leaves, 10 steps):
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8b* (11bB-21Ac) x*2 (b+cx?)  8b> (11bB-21Ac) Vx Vbx?+cx?
+ -

331572 (Vo +c x| VoxZ+ext 9945 ¢
8 b? (11bB—21Ac) x>/2+/bx2+cx* 4D (11bB—21Ac) x2/2/bx?+cx*
13923 ¢2 1547 ¢
2 (11bB-21Ac) x*2 (bx?+cx*)?? 2B+/x (bx2+cx*)*?
+ +
357 ¢ 21c
2 1/4
8b7/4 (11bB-21Ac) x (Vb ++/c x| brex EllipticE[ZAr‘cTan[i = /
(W+\Ex)2 bt/ 2
(3315 cB4 bx2+cxt | -
2 1/4
4b7/% (11bB-21Ac) x (Vb ++/c x| brex EllipticF[ZArcTan[i = /
(W+\Ex)2 bt/ 2

(3315 c/4 /b x*+cx?

Result (type 4, 313 leaves):

2 (x? (b+cx2))3/2

c x3/? (b+cx2) (28b3 (11bB-21Ac) -20b%c (11bB-21Ac) X% + 45 b c? (4bB+133Ac) x4 +

195 c3 (23bB+21Ac) x6+3315Bc4x8) - ;84% (11bB—21Ac>

\/? 1+

x3/2 E1lipticF [i ArcSinh[ ———], -1] / (69615 c*x* (b+cx?)?)
c x? NS
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Problem 234: Result unnecessarily involves imaginary or complex numbers.
J\/? (A+Bx2) (bx2+cx4)3/2dlx

Optimal (type 4, 282 leaves, 8 steps):
8b> (9bB-19Ac) Vbx?+cx* 8b? (9bB-19Ac) x*2Vbx?+cx*

4389 c3/x 7315 2
4b (9bB-19Ac) x/2Vbx2+cx* 2 (9bB-19Ac) x>/ (bx2+cx4)3/2 2B(bx2+cx4)5/2
_ . _
1045 ¢ 285 ¢ 19c/x
2 1/4
4™/ (9bB-19A¢) x (Vb +/c x| _ brex EllipticF[ZAr‘cTan[i], S /
(\/F+\/?X)2 bt/ 2

[4389 c13/4  Jbx?+cxt

Result (type 4, 198 leaves):
ot
21945 c3

2./ x? (b+cx2)

L(18(ab“B+12b2c:2x2 (19A+7Bx*) +77c*x® (19A+15BX?) -4b*>c (95A+27Bx?) +

Vx

7bc3x? (323A+2313x2)) +

ib
\/7

20i b* (-9bB+19Ac) |1+ ° EllipticF[iArcSinh[ic],—1]/
cx? NS

Problem 235: Result unnecessarily involves imaginary or complex numbers.

A+Bx?) (bx? 4)3/2
J<+ x)(x+cx> ix

Vx
Optimal (type 4, 408 leaves, 9 steps):
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8b* (7bB-17Ac) x*/2 (b + c x?) 8b? (7bB-17Ac) Vx Abx2+cxt

1105 c¢>/2 (\/FJrV?x) Vb x2+cx? 3315¢?
4b (7bB-17Ac) x*2+/bx?+cx* 2 (7bB-17Ac) V/x (bx2+cx*)*? 2B (bx?+cx?)®?
_ N _
663 C 221c 17 c x3/2
2 1/4
8614 (768 -17Ac) x (Vb +/c x| _ brex EllipticE[ZAr‘cTan[ﬂ .3 /
(\/F+v?x)2 bt/ 2

+

(1105 4 /b x%+cx?

2 1/4
4b8/% (7bB-17Ac) x (\/F+\/?x) _brex EllipticF[ZAr‘cTan[ﬂ

(\/F+\/?X)2 pl/4

N |-

(1105 4\ Jpx?+cx*

Result (type 4, 303 leaves):

L (bex)) | —
1105 x3 3c? (b+cx?)

2 x3/? (-28b3B+4b2c (17A+5Bx2) +15¢c3 x4 (17A+13Bx2) +5bc?x? (85A+57Bx2)) +

8 b3 (7bB—17Ac)

ivb
b Ve b
Vb Ve 1+ x*2 EllipticE[i ArcSinh[ ———], 1] +V/b ¢ [1+
c x? VX c x?

[ivb
\/7 .
x3/2EllipticF[iArcSinh[ic], -1] / i Vb c3\/;(b+cx2)2
Vx

o

Problem 236: Result unnecessarily involves imaginary or complex numbers.

A+Bx?) (bx? 4)3/2
J(+ x)(x+cx> i

X3/2

Optimal (type 4, 239 leaves, 7 steps):
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8b? (bB-3Ac) Vbx?+cx* 4b(bB-3Ac)x*?Vbx?+cxt

231c2+/x 77c

2 (bB-3Ac) (bx2+cx4>3/2 ZB<bx2+cx“)5/2
+

33 c/x 15 ¢ x>/2

+

b+ cx?

4b™* (bB-3Ac) x (W+ﬁx) ——————— EllipticF[2ArcTan|

)

(231 c®*+/bx?*+cx*

Result (type 4, 174 leaves):
1

- c22 x* (b+cx?)

Vx

4

Q‘

Vx

20ib® (bB-3Ac) [1+ -2 EllipticF[i ArcSinh[E], -1]

i(-20b33+12b2c (5A+BX?) +7c>x* (15A+11Bx?) +bc®x* (195A+119BX?)) +

ive (b+cx?)

C

Problem 237: Result unnecessarily involves imaginary or complex numbers.

A+Bx2) (bx2 4)3/2
J<+ x)(x+cx> ix

x>/2

Optimal (type 4, 369 leaves, 8 steps):

| 15
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8b2 (3bB-13Ac) x¥2 (b+cx?)  4b (3bB-13Ac)/x Vbx2+cx?

195 ¢3/2 (\/FJr\/?x) Vo x2rext 195 ¢
2 (3bB-13Ac) (bx2+cx4)3/2 2B (bx2+cx4)5/2
+ +
117 c x3/2 13 c x’/2
2 1/4
8b%* (3bB-13Ac) x (\/F+\/?x) _ brexd EllipticE[ZAr‘cTan{ﬂ} 1} /
(\/F+\/?x)2 bt/ 2

[195 c7*/bx%*+cxt

) 1/4
467 (3bB-13Ac) x (Vb + Ve x| _ brex EllipticF[ZArcTan[i . /
(Vo e x)® o2

(195 c7/*/bx%+cxt

Result (type 4, 281 leaves):
1

195 x3

(x® (b+cx2))??

2x%/2 (12b2B+5c?x? (13A+9Bx?) +bc (143A+75Bx?)) ivb

- |8b* (3bB-13Ac) | | ——

3¢ (b+cx?) NP

| b
r

(b+cx?) -b e |1+ b x3/2 EllipticE[iAr‘cSinh[ic}, -1] +vb Ve
¢ x? VX

ivb_
1+ x3/2EllipticF[jAr‘cSinh[i], —1] / i Vb CZ\/Y(b+cx2)2
x Ve

Problem 238: Result unnecessarily involves imaginary or complex numbers.

A+Bx?) (bx? 4)3/2
J<+ x)(x+cx> ix

x7/2

Optimal (type 4, 201 leaves, 6 steps):
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4b (bB-11Ac) Vbx?+cx* 2 (bB-11Ac) (bx2+cx4)3/2 23(bx2+cx4)5/2

— — + —

77 cx 77 ¢ x>/? 11 ¢ x®/?
b+c 2 c1/4 1
4b7* (bB-11Ac) x (Vb ++/c x| e EllipticF[zArcTan[—W - /
(\/F+\/?x)2 b4 2
(77c5/“xlbx2+cx4
Result (type 4, 153 leaves):
1 4b?B+c?x? (11A+7Bx?) +bc (33A+13Bx?)
——2/x* (b+cxX?) -
77 ¢ VX
io

4

4ib? (bB-11Ac) [1+ > EllipticF[iArcSinh| = ], -1]

ive (b+cx?)

C

Problem 239: Result unnecessarily involves imaginary or complex numbers.

A+Bx2) (bx? 4)3/2
J(+ x)(x+cx) ix

x9/2

Optimal (type 4, 356 leaves, 8 steps):

| 17
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8b (bB+9A 3/2 (p 2
( ! C>X ( +CX> +i(bB+9AC>\/?\/bX2+CX4+
15\/?(\/F+\/c_x)\/bx2+cx4 15

2 (bB+9AC) (bx2+cx4)3/2 2A(bx2+cx4)5/2

9b x3/2 b x11/2
2 1/4
8654 (bB+9AC) X (W+\/?X) o brexd EllipticE[zArcTan[# l] /
(\/F+\/?x)2 b/ 2
(15c3/“xlbx2+cx4 +
2 1/4
4b5* (bB+9AC) x (\/F+\/?X) _brexd EllipticF[zArcTan[¥}, l] /
(\/F-%—\/?X)Z b/ 2

(15 c3*+/bx?+cx?

Result (type 4, 249leaves):

2+/x ivb <b+cx2) (12b23+c2x2 (9A+SBXZ)+bc(63A+11Bx2)>—
Ve
i+/b
\/_
12b*2+/c (bB+9ACc) [1+ x>2 E1lipticE[i ArcSinh|
c x? VX
iVb

\ﬁ
12b*2+/c (bB+9AC) |1+ x>/2 E1lipticF i ArcSinh|[ ———], -1] /
N

c x?

Vb c/ X (b+cx?)

Problem 240: Result unnecessarily involves imaginary or complex numbers.

A+Bx2) (bx2 4)3/2
J(Jf x)(x+cx> ix

x11/2

Optimal (type 4, 200 leaves, 6 steps):
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4(3bB+7Ac)Vbx?+cx*  2(3bB+7Ac) (bx2+cx*)?? 2A (bx2+cx?)®?

21 /X " 21bx5/2 - 3bX13/2 i
b+cx? ct/4+/x 1
3/4 - - - s s - = -
B
4b%* (3bB+7Ac) x (\/b ++/c x) EllipticF |2 ArcTan| ] /
VB e x)? ot 2

(21 c4+/bx?+cx?

Result (type 4, 138 leaves):

2 S | -7Ab+9bBXx?+7Acx? +3Bcx?
—/x* (b+cx?) +
21 x>/2

=

4

4ib (3bB+7Ac) [1+ -2 EllipticF[iArcSinh| = ], -1]

ive (b+cx?)

C

Problem 241: Result unnecessarily involves imaginary or complex numbers.

A+Bx2) (bx? 4)3/2
J(+ x)(x+cx) ix

X13/2
Optimal (type 4, 354 leaves, 8 steps):
24\/?(bB+Ac)x3/2 (b+cx?) 12c(bB+Ac)\/Y\/bx2+cx4
N _
5(\/F+\/?x)\/bx2+cx4 5b

2(bB+AC) (bX2+CX4>3/2_2A<bX2+CX4)5/2_ 1 24 pl/4 c1/4 (bB+AC)X

bX7/2 5bX15/2 5 /7b X2+CX4

2 1/4
(\/F+V?x) o brex? EllipticE[ZAr‘cTan[ﬂ 1

1
P —
(VB /e )’ R N vy

2 1/4
126414 (bB+AC) X (\/F-%—\/?X) _brex? EllipticF[ZAr‘cTan[ﬂ

(\/F+%X)2 b1/4

)

Result (type 4, 232 leaves):

| 19
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i b
2 b (b+cx2) (—Ab+7be2+5Acx2+ch4>—
Ve
i+/b
\/7
12v/b +/c (bB+Ac) [1+ x’/2 E1lipticE [i ArcSinh| s
c x? N
i+/b
b Ve
12v/b +/c (bB+Ac) [1+ x’/2 E1lipticF[i ArcSinh|[ ——], -1] /
cx? N3
i Vb
ivb 32 [x* (b+cx?)
Ve

Problem 242: Result unnecessarily involves imaginary or complex numbers.

A+Bx2) (bx2 4)3/2
J<+ x)(x+cx) ix

x15/2

Optimal (type 4, 204 leaves, 6 steps):
c (7bB+3Ac) VvbxZ+cxt 2 (7bB+3Ac) (bx2+cx4 3/2 2A(bx2+cx4>5/2

+

21b/x 21b X2 707
N 1/4
4¢3 (7684 3A¢) x (Vb s /e x| _ brexd EllipticF[ZAr‘cTan[ﬂ], S /
(Vo « Ve x)? 2

[21 b4 /b x? + c x*

Result (type 4, 139leaves):
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2 Zbrcd) 7Bx2<—b+cx2)—3A(b+3cx2)+
21 X9/2

=

4

4ic(7bB+3Ac) [1+-2 EllipticF[iArcSinh| e ], -1]

ive (b+cx?)

C

Problem 243: Result unnecessarily involves imaginary or complex numbers.

A+Bx?) (bx? 4)3/2
J<+ x)(x+cx> ix

X17/2
Optimal (type 4, 364 leaves, 8 steps):

8c*2 (9bB+Ac)x¥2 (b+cx?) 4c(9bB+Ac)Vbx?+cx?

15b(\/?+ﬁx) Vb x2+cx? 15b x*/2
2 (9bB+Ac) (bx2+cx4>3/2 2A(bx2+cx4)5/2
45 b X11/2 N 9b X19/2 N
2 1/4
8 c°/4 (9bB+Ac) X (\/F+\/c_x) _ brex® EllipticE[ZAr‘cTan[i l] /
(\/F-*—\/?X)Z bt/* 2
(15b3/4x/bx2+cx4 +
2 1/4
4.c>/4 (9bB+Ac) X (\/F+\/c_x) _ brex? EllipticF[ZAr‘cTan[i}, l] /
(\/F-*—\/?X)Z bt/ 2

(15 b3/4+/b x? + c x*

Result (type 4, 236 leaves):
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2 v 22 (i) (B (boscxd) <A (sbe11cxe) ] -
Ve
ivb
r
12c¢*? (9bB+Ac) [1+ x*/2 E1lipticE [i ArcSinh| ,
c x? NS
ivb_

\/_
12c*2 (9bB+Ac) 14— xitr2 EllipticF [ ArcSinh[————], -1] /
cx? Vx

45b

b+cx>

Problem 244: Result unnecessarily involves imaginary or complex numbers.

dx

x13/2 (A+BX?)
Optimal (type 4, 243 leaves, 7 steps):
2b2 (13bB-15Ac) Vbx2+cx* 6b (13bB-15Ac) x*2/bx? + cx*

+

77 C4\/; 385 C3
2 (13bB-15Ac) x”2Vbx2+cx*  2Bx2~/bx2+cxt
+ +
165 c? 15 ¢
b+ c x? cl/4 4/ x 1
b11/4 <13bB—15AC> X (\/F+\/C—X) —+ EllipticF[2Ar‘cTan[7\/—}, _] /
(Vb «+e x)° bt 2

[77 74 \[bx?+cx?

Result (type 4, 196 leaves):
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(195b3B-7c3x4 (15A+1le2) -9b2c¢ (25A+13Bx2) +bc?x? (135A+918x2)) -

i+v/b
r

\/—

x? E111pt1cF 1Ar‘c51nh

Problem 245: Result unnecessarily involves imaginary or complex numbers.

dx

xM/2 (A+Bx?)
Optimal (type 4, 369 leaves, 8 steps):
14b2 (11bB-13Ac) x¥/2 (b +c x?) . 14b (11bB-13Ac) Vx Vbx?+ cx*

195 c7/2 (\/F+\/?x) Vb x2%+cx?t 585 ¢’
2(11bB—13Ac)x5/2\/bx2+cx4 2Bx%24/bx2+cx*
+ +
117 c2 13 ¢
b +cx? cl/4+/x 1
14 b°/4 <11bB713Ac> X (\/KJr\/?x) S EllipticE[ZAr‘cTan[i ’ *] /
(Vo Ve %)’ bt 2

(195 c/4\/bx?+cx? ) -

2 1/4
764 (1168 -13A¢) x (Vb + Ve x| _ brexd EllipticF[zArcTan[%], o /
b 2

v
(195 4\ bx?+cx* )

Result (type 4, 264 leaves):
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2x |cx3/? (b+cx2) (77bZB+5c2x2 (13A+9Bx2) -bc (91A+553x2)) -

21b® (11bB-13Ac)

o
[ =
N
i+/b
/b b \ Ve
o (brex?) -vb Ve |1+ x*/2 EllipticE[i ArcSinh[ ——], -1] +
NI c x? Vx

ivb
\/_

Vb VT 142 x3/2EllipticF[jAPcSinh[;}, -1] /(585c4 x? (b +cx?)
cx? N3

Problem 246: Result unnecessarily involves imaginary or complex numbers.

dx

x*/2 (A+Bx?)
Optimal (type 4, 204 leaves, 6 steps):
16b (9bB-11Ac) Vbx?+cx* 2 (9bB-11Ac) x*>Vbx?+cx* L 2Bx72bx?rcxt

2313 /x 77 c2 11c
2 1/4
574 (9bB-11Ac) x (Vb +c x| _ brex EllipticF[zArcTan[i S /
(Vo /e x]? bt 2

(231 34\ /bx?+cx?

Result (type 4, 176 leaves):
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ivb

2 | —— x3? (b+cx2) (45b2|3+3<:2x2 (11A+7Bx2)-bc(55A+27Bx2))+
Ve
ivb_
b Ve
10ib® (-9bB+11Ac) |1+ x? E1lipticF[i ArcSinh|[ ———], -1] /
c x2 Vx

231 ivb c/x* (b+cx?)
\’ e

Problem 247: Result unnecessarily involves imaginary or complex numbers.

dx

x7/2 (A+Bx?)
Optimal (type 4, 330leaves, 7 steps):
2b (7bB-9Ac) x*2 (b+cx?) 2(7bB-9Ac)Wm+ZBXS/2m

156572 (b ++/e x) VBT s ext 45 c? 9c
2 1/4 ./
2 p5/4 (7bB—9AC> X (x/b +1/c x) _brexd EllipticE[2Ar‘cTan[C7X], 1] /
(Vb +ve x)° bl T2

+

(15 c4\/bx?+cx?

2 1/4
b4 (7bB-9Ac) x (\/F+\/?x) ﬁ EllipticF[ZArcTan[%}, l] /
Vb e x ° ?

(15 c4\/bx?+cx*

Result (type 4, 237 leaves):

| 25
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2+/x (b+cx?) (21b?B+c?x? (9A+5Bx?) ~bc (27A+7Bx?)) +

ivh c(7bB-9AcC) Ar‘cSinh[ic],—
Je VY VX
ivh c(7bB-9Ac)

Ve \/

3 ./x? <b+cx2)

Ar‘cSinh[\/f], -1] /(45

Problem 248: Result unnecessarily involves imaginary or complex numbers.

dx

x>/2 (A+Bx?)
Optimal (type 4, 167 leaves, 5steps):
2 (5bB-7Ac) Vbx2+cxt ) 2Bx¥2/bx?+cxt

+

21c2/x 7¢
2 1/4
b®/* (SbB-7AC) X (\/F+\/?X) _ brex? EllipticF{ZAr‘cTan[i}, l] /
(Vo +ve x| bt 2

(21c°’”“ﬂbx2+cx4
Result (type 4, 151 leaves):

-2 ive x*? (b+cx?) (5bB-7Ac-3Bcx®)-2ib (-5bB+7Ac) [1+ d

NS c x?

ivb

\/_ .
x? EllipticF[i Ar‘cSinh[ic}, -1] / 21 b /X (b+cx?)
Ve

X
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Problem 249: Result unnecessarily involves imaginary or complex numbers.

dx

Jx3/2 (A+Bx?)
Vb x2+cx?
Optimal (type 4, 293 leaves, 6 steps):
2 (3bB-5Ac)x*? (b+cx?)  2B+/x Vbx2+cx?
+ +

5c3/2 (\/?+\/?x) Vbx?+cx? 5¢
2 1/4
2b6%4 (3bB-5Ac) x (Vb +/c x| b E11ipticE[2 ArcTan| - W], = /
(Vb +ve x)° bl 2

(5 c7*\/bx?*+cx*

2 1/4
b/* (36B-5Ac) x (VB +/c x| ﬁ E1lipticF [2 ArcTan| 1/\4/1; , l] /
Vb e x b 2

(5 c7*\/bx*+cxt

Result (type 4, 209 leaves):

(b+cx2) (-3bB+5Ac+ch2)

2Xx -
cVx
i+b
ivVb Ve i Vb
i ivh (3bB-5Ac) |1+ x E1lipticE[i ArcSinh] ], -1] +1i ivh
Ve cx? Vx Ve

(3bB-5Ac) |1+ x E1lipticF[i ArcSinh|

c x? NS

Problem 250: Result unnecessarily involves imaginary or complex numbers.

Vx (A+Bx2)

J— dx
Vb x?+cx?

Optimal (type 4, 130leaves, 4 steps):
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3c/x
2 1/4
bB-3Ac)x (Vb ++c x _ brex? EllipticF|2 ArcTan ctx B 1
2 1/4
(\/F+\/?x> b 2

(3 b1/4 C5/4 /b XZ i c X4

Result (type 4, 134 leaves):

o
28572 b+ cx?) 2i (bB-3Ac) [1+-20 % EllipticF[jArcSinh[g], -1]

X
3c+/x? <b+cx2) 3 [i/e o [y2 <b+cx2)
Ve

o

&’

Problem 251: Result unnecessarily involves imaginary or complex numbers.

J A +Bx? dx

Vx Vb x2+cx

Optimal (type 4, 281 leaves, 6 steps):
2(bB+Ac)x3/2 (b+cx2) 2AvVbx?+cxt

b\/?(\m+\ﬁx)\/m b x>/2
2 1/4
2 (bB+Ac) x (\/F+\Ex) _ brexd Ellip‘cicE[ZAr‘cTan[C \/?], l] /
(Vb ++e x)° bi/a 2
[b3/4c3/4 lbx?+cx® |+
2 1/4
(bB+AC) x (\/F+\Ex) _ brex Ellip‘cicF[ZAr‘cTan[c Vx , 1] /
(Vb ++e x)° bi/s 2

[b3/4 c3/4 lb X2 e X4

Result (type 4, 191 leaves):
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21 x32 A c ive x (b+cx2)f
\l Vb

, .
Vb (bB+ACc)x 1+ % EllipticE[i ArcSinh| Ve x ], -1] +
b Vb
, .
Vb (bB+Ac)x [1+ €x EllipticF[i ArcSinh] Ve x ], -1] /
Vb
. 3/2
{b3/2 [l—ﬁx x?2 (b+CX2>
b

Problem 252: Result unnecessarily involves imaginary or complex numbers.

J A + B x? dx

X321 /bx2 + cx*

Optimal (type 4, 131 leaves, 4 steps):
2AVbx?+cx?

-—— +

3b X5/2

b+ cx? claq/x 1
. brexd ’;]/

EllipticF [2 ArcTan [
pl/4

(3bB—Ac)x(\/F+\/?x)
i)

(3 b5/4 c1/4 /b X2 ic X4

Result (type 4, 119leaves):

. b . . . . Ve
i(3bB-Ac) [1+—— X5/2 ElllptlcF{JL Ar‘cSlnh[— ];*1}
cx X

b
Je

3b+/x /%2 (b+cx2)

Problem 253: Result unnecessarily involves imaginary or complex numbers.

2 —A(b+cx2>+

j A+Bx? dx
x3/2bx2 + cx*
Optimal (type 4, 332leaves, 7 steps):
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2+/c (5bB-3Ac)x*2 (b+cx?) 2Abx2+cx* 2(5bB-3Ac)/bxZ+cxt

562 (Vb ++/c x) VoxTrox 5bx7/2 5 b% x32
2 1/4
2c4 (sbB-3Ac) x (Vb +/c x| o brexd E11ipticE [2 ArcTan| VX , l] /
(Vb ++e x)° bl T2
(5b7/4x/bx2+cx4 +
2 1/4
c/* (5bB-3Ac) x (W+\/?x) _ brex? EllipticF[ZAr‘cTan[c VX s l] /
(Vb ++e x)° bte 72

(5b7/4w/bx2+cx4)

Result (type 4, 222 leaves):

, .
2+/b Ve (5bB-3Ac)x? 1. % EllipticE[i ArcSinh| l\/?x],fl}f
Vb
) 2
2| [ 1S (e (sbexaa(b-307) ) VBV (sbB-3ac) |10
0 i
EllipticF [i ArcSinh| jﬁx},—l] /5b2X3/2 e x e (beex?)
Vo Vo

Problem 254: Result unnecessarily involves imaginary or complex numbers.

J A+Bx? dx

X7\ [bx s Xt

Optimal (type 4, 167 leaves, 5steps):
2AVbx2+cx* 2 (7bB-5Ac)Vbx?+cx?

7bx9/2 21 b2 X5/2

2 1/4
¢4 (7bB-5Ac) x [Vb +/c x| — 22X Elliptick[2arcTan|S /x

1
k) _] /
(Vo e x)? e 2
(21 b%/4+/b x? + c x*

Result (type 4, 156 leaves):
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-2 iV (b+cx®) (3Ab+7bBx*-5Acx?) +
Ve
ivb
\/_
2ic(-7bB+5Ac) [1+ b x9/2EllipticF[jArcSinh[;},—1]/
c x? Vx

1+vb
21 b? i x>/2 || x? <b+cx2)
N Ve

Problem 255: Result unnecessarily involves imaginary or complex numbers.

J A+Bx? ix
Optimal (type 4, 369 leaves, 8 steps):

2c32 (9bB-7Ac) X2 (b+cx?) 2AVbxT+cx*
D156 (VB Ve x| Vbioxd 9t

2(9bB-7Ac) Vbx?+cx* 2c (9bB-7Ac) Vbx?+cx?

+ +
45 b2 x7/2 15 b3 x3/2
2 1/4
2¢54 (9bB-7AC) x (\/F+\/?X) _ brext EllipticE[ZAr‘cTan[ﬂ], l] /
(\/F+\/?x)2 b4 2
(15 b4 [bx2+cxt | -
2 1/4
¢4 (9bB-7AcC) x (WJ,\/?X) o brex? EllipticF[ZAr‘cTan[i ’ l] /
(\/F+\/?x)2 b*/4 2

(15 bl/4 /b x?+cx*

Result (type 4, 242 leaves):

| 31
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j\Ex
Vb

(b+cx2) (—9be2 (b—3cx2) +A(75b2+7bcx2—21c2x4)) -

6+/b c3/2 (9bB-7AC) x® EllipticE[i ArcSinh|

6Vb % (9bB-7Ac) x° EllipticF[i ArcSinh|

Problem 256: Result unnecessarily involves imaginary or complex numbers.

J* A+Bx? g
X
x1/24/bx2 + cx*
Optimal (type 4, 204 leaves, 6 steps):
2AVbx2+cx* 2 (11bB-9Ac)Vbx?+cx* 10c (11bB-9Ac) Vbx?+cx?

4 +
11b x13/2 77 b2 X9/ 231 b% x5/2
2 1/4
5¢74 (11bB-9Ac) x (Vb +c x| _ brexd EllipticF[ZArcTan[i}, 1} /
(VB + /e x)? bt 2

(231 b'3/4 /b x?+cx* )

Result (type 4, 181 leaves):

iVb
e

(b+cx2) (11be2 (3b—5cx2) +3A(7b2—9bcx2+15c2x4)) -

10ic® (-11bB+9Ac) |1+ bz x13/2EllipticF[JiAr‘cSinh[ic],—1}/
cX X
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Problem 257: Result unnecessarily involves imaginary or complex numbers.

dx

Jx”“ (A+Bx2>
(beJrcx“)E'/2
Optimal (type 4, 251 leaves, 7 steps):
(bB—Ac) x15/2 15b (13bB—11Ac) Vb x?+cxt
, N ,
bcvbx?+cxt 77 A \x

9(13bB—11Ac)x3/2 bx2+cx* (13bB—11Ac)x7/2 bx2+cx*
N _

77 c3 11b c?
2 1/4
15b67/4 (13bB-11Ac) x (\/F+V?x) _brex EllipticF[ZAr‘cTan[ﬂ}, l] /
(Vb + e x)° bte 72

(154 7% \/bx?+cx?

Result (type 4, 189 leaves):

ﬂx3/2(195b3|3+2<:3x4(11A+7Bx2)-2bc2x2(33.A+13|3x2)+b2(-165Ac+783cx2))+
Ve
ivh.
. b e[ Amcci Ve
15ib” (-13bB+11Ac) |1+ — x*EllipticF[iArcSinh| = },-1]/
c X X

77 iﬁ c*/x* (b+cx?)

Problem 258: Result unnecessarily involves imaginary or complex numbers.

Jxl-r’/z (A+Bx2) 4
— L dx

(bx2+cx4)3/2

Optimal (type 4, 377 leaves, 8 steps):
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(bB—Ac)x”/z 7b<11bB—9Ac)x3/2 (b+cx2)
- +
bc/bx?2+cx? 15c7/2(\/F+\/?x)\/bx2+cx4
7 (11bB-9Ac) Vx Vb X2+ cx? (11bB-9Ac) x*2V/bx?+cx*
+

45 3 9bc?
2 1/4
7654 (1168 -9Ac) x (Vb + Ve x| brex EllipticE[ZArcTan[i L /
(Vb e ) b4 2
(15 A bx*rext |+
2 1/4
7654 (11bB-9Ac) x (Vb +c x| brex EllipticF[ZArcTan[i S /
(Vb /e ) b4 2

(30 c4\/bx?+cx*

Result (type 4, 263 leaves):

x (23163B-7b%c (27A-22Bx?) +23x* (9A+5BX?) -2bc?x? (63A+11BX?)) +

ﬁ%

X2 ElllptlcE ]].AI"CSlnh )

c x? \/_

21b32+/c (-11bB+9Ac) [1+

i/b
,\/7

x? EllipticF [i ArcSinh[——], -1] /
x

21b%2+/¢c (-11bB+9AC) |1+

Problem 259: Result unnecessarily involves imaginary or complex numbers.

dx

JXB/Z (A+ B X2>

(bx2+cx4)3/2

Optimal (type 4, 214 leaves, 6 steps):
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(bB-Ac)x2 5 (9bB-7Ac) Vb x?+cxt (9bB-7Ac) x3/24/b x2 + c x4

- - + +
bcvbx?+cx? 21c3/x 7bc?
2 1/4
5634 (9bB-7Ac) x (W+\/?X) _ brex Ellip‘cicF[ZAr‘cTan[i s l] /
(\/F+\/?x)2 bt/4 2

(42 c34\bx?+cx?

Result (type 4, 165leaves):

ivb
Ve

ivb_
, b Ve
5ib (-9bB+7Ac) [1+ ], -1] /

x? E1lipticF [i ArcSinh|

c x? VX

21 iﬁ c?4/x* (b+cx?)

Problem 260: Result unnecessarily involves imaginary or complex numbers.

x*/? (-45b°B+bc (35A-18Bx*) +2c*x* (7A+3Bx?)) -

dx

Jxll/z (A+ B x2)

(bx2+cx4)3/2

Optimal (type 4, 340 leaves, 7 steps):
(bB-Ac) x2 3(7bB-5Ac) x*'2 (b+cx?) (7bB-5Ac) V/x Vbx2+cxt
- + +

bcvbx?+cx* 5c5/2(\m+\/?x)\/m 5bc?
2 1/4
3674 (76B-5Ac) x (Vb +/c x| _PrexXt e liptice 2ArcTan[ﬂ], S /
(Vo + e x)? blE 2

(5 4\ /bx?+cx?

2 1/4
3bY/* (7bB-5Ac) x (\/F-%—\/?X) _ brexd EllipticF[ZAr‘cTan[ﬂ

(W+\/?X>2 b1/4

N R
\

(10 c4\/bx?+cx*

| 35
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Result (type 4, 240 leaves):

iV Vx (-21b2B+bc (15A-14Bx?) +2c2x? (SA+BX?)) -
Ve

3+b Ve (-7bB+5Ac) [1+

x? E1lipticE[i ArcSinh|

c x? NS

x? E1lipticF [i ArcSinh|

- — ]|/

3+7b Ve (-7bB+5Ac) [1+

5 /j\/?\/g /X% (b+cx?)

Problem 261: Result unnecessarily involves imaginary or complex numbers.

ng/z (A+Bx2) ;
——* dx

(bx2+cx4)3/2

Optimal (type 4, 178 leaves, 5steps):
(bB—Ac)x”2 (5bB—3Ac) Vb x?+cx?
- +

bcvVbx?+cx* 3bc2/x
2 1/4
(5bB—3Ac) X (W+\Ex) _ brexd EllipticF[ZAr‘cTan[c Vx B E} /
(WJAEX)Z bt/* 2

(6 b4 c®4\/bx?+cx*

Result (type 4, 142leaves):
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/b b
ivb x*? (5bB-3Ac+2Bcx?) +i (-5bB+3Ac) |1+
NS cx?
ivb
N

x? EllipticF [i ArcSinh|

Problem 262: Result unnecessarily involves imaginary or complex numbers.

dx

JXWZ (A+Bx?)
(bx2+cx4)3/2
Optimal (type 4, 299 leaves, 6 steps):
(bB-Ac) x>/2 (3bB-Ac) x*? (b+cx?)
+

bcVbx?+cx? bc3/2(\/F+\/?x)\/bx2+cx4

2 1/4
(3bB—Ac) X (\/F+\Ex) LXZ Ellip‘cicE[ZAr‘cTan[c 1\1?
(\/F-%—\/?X) bt/

N R
\

+

[b3/4 c7/4 lb X2 +C X4

2 1/4
(3bB-Ac) x (\/F+\Ex) LXZ EllipticF[ZAr‘cTan[c 1\[{; 1] /
(\/F+\/?X) bt/ 2

[2 b3/4 C7/4 }b XZ i c X4

Result (type 4, 213 leaves):
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i |Vb /JM/F Vx (3bB-Ac+2Bcx?) +
Ve

ivb
o
Ve (-3bB+Ac) [1+ x? E1lipticE[i ArcSinh| : |, -1] -vc (-3bB+AC)
c x? VX
j\/—b 3/2
C

1,2 x? E1lipticF i ArcSinh| |, -1] /[(1‘1\/?
c x? VX NI

Problem 263: Result unnecessarily involves imaginary or complex numbers.

dx

JXS/Z (A+Bx2)

(beJrcx“)E'/2

Optimal (type 4, 137 leaves, 4 steps):

(bB-Ac) x*/2
-—_—— 4

bcvbx?+cx*

b 2 1/4
(bB+Ac) X (\/F+\Ex) e EllipticF |2 ArcTan ctVx

1
(\/F+\EX)2 b1/4 ’ 2] /

—

[2 b%/4 4 \/bx?+cx*

Result (type 4, 132leaves):

ivb (-bB+Ac)x*?+i (bB+Ac) [1+ x? E1lipticF[i ArcSinh|

= — -1/

b /j\/\/?y c+/x* (b+cx?)

Problem 264: Result unnecessarily involves imaginary or complex numbers.

dx

Jx3/2 (A+Bx2)

(bx2+cx“)3’/2
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Optimal (type 4, 318 leaves, 7 steps):
2Ax (bB-3Ac) x/2 (bB-3Ac)x*? (b+cx?)

- +
bvVbx2%+cx* bz b x?+cx? bzx/?(\/F+V?x>\/bx2+cx4

+

2 1/4
(bB-3Ac) x (Vb +c x| _ brexd E11ipticE[2 ArcTan|© W], 3] /
(Vb + Ve x)? bt 2
(b7/4 c3/4 bX2+CX4 _
2 1/4
(bB-3Ac) x (W+Wx) _ brex? EllipticF[ZAr‘cTan[c Vx 5] /
(VB e x)? e 2

(2 b7/4 c3/4 /b XZ +C X4
Result (type 4, 203 leaves):

J'l\/?X
Vb

ix32 [/c

(—2Ab+be2—3Acx2) -

c x2 ive x

EllipticE|i ArcSinh|
Vb

R .
Vb (bB-3Ac)x 14+ X EllipticF[i ArcSinh] lﬁx],—l] /
b Vb

{bm [j\/?x} / x? (b+cx?)
Vb

[s-1]+

\/F(bB—BAc)x 1+

Problem 265: Result unnecessarily involves imaginary or complex numbers.

J\/T (A+Bx?) i

(bx2+cx4)3/2

Optimal (type 4, 167 leaves, 5steps):

2A (3bB-5Ac) x*/2
- + +
3b/x VbxZ+cx? 3b2/bx?+cx?
2 1/4
(3bB—5Ac)x(\/F+\/?x> LEllipticF[ZAr‘cTan[c \/;] l}/
b1/4 2

N Ve

(6 b9/4 C1/4 ]b X2 ic X4
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Result (type 4, 147 leaves):

ivb
Ve

(-2Ab+3bBX*-5Acx?) -

i (-3bB+5Ac) [1+ x*/2 E1lipticF [i ArcSinh|

- — )/

3 b? jﬁ Vx A x? (b+cx2)
\ c

Problem 266: Result unnecessarily involves imaginary or complex numbers.

A+Bx?

J\/; (bx2+cx4)3/2

dx

Optimal (type 4, 368 leaves, 8 steps):
2A (5bB-7Ac)/x

5bx32+/bx%+cx? 5b2+/bx?+cx?*

3\E<SbB—7Ac)x3/2<b+cx2) 3(5bB-7Ac)Vbx?+cx?

5b3(\m+\ﬁx)\/bx2+cx4 5b% x3/2
2 1/4
3c4 (5bB-7Ac)x (Vb /e x| — 00X Elliptice[2arcTan|S VX S /
(Vb Ve x)? b4 2

+

(5 b4 /b x? + c x*

2 1/4
3c¢Y4 (5bB-7Ac) x (W+\/?x) _brex? Ellip‘cicF[ZAr'cTan[C VX

(W+\EX)2 b1/4

N R
\

(1@ b1/4 /b x?+cx*

Result (type 4, 236 leaves):
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Lfe x (-5bBx* (2b+3cx?) +A (-2b%+14bcx®+21c*x?)) +

Vb

x2 ive x

EllipticE[i ArcSinh]|
Vb

, .
3+/b +/c (5bB-7Ac)x? 1. <% EllipticF[i ArcSinh| M/?X},—l]/
b Vb
5 b3 x3/2 @m
Vb

Problem 267: Result unnecessarily involves imaginary or complex numbers.

A + B X2
J dx
x3/2 (b X2+ c X4) 3/2

Optimal (type 4, 203 leaves, 6 steps):

3+/b v/c (5bB-7Ac)x? 1.8 |, -1] -

2A 7bB-9Ac 5(7bB-9Ac) Vbx?+cx?
_ N _ _
7bx52/bx*+cx*  7b2+/x VbxZ+cxt 21b% x>/
b+cx? cl/4/x 1
5 c3/4 (7bB—9Ac)x(\/F+\/?x) - EllipticF[ZArcTan[i]) _] /
(\/F+x/?x)2 b4 2
(42b13/4w/bx2+cx4
Result (type 4, 170leaves):
ivVb
ivb (-7bBx* (2b+5cx?) +A (-6b*+18bcx* +45c*x*) ) +
Ve
i+vb
Ve
5ic(-7bB+9Ac) [1+ x/2 E1lipticF [i ArcSinh| ———], 1] /
c x? NS
i Vb
21 b3 b x*/2 [ x* (b+cx?)

| 41
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Problem 268: Result unnecessarily involves imaginary or complex numbers.

A + B X2
J dx
x5/2 (b X2+ c x4) 3/2

Optimal (type 4, 405leaves, 9 steps):
2A 9bB-11Ac 7c32(9bB-11Ac) x¥2 (b+cx?)

+

9bx”24bx2+cx* 9b2x32+/bx?+cx* 15b4(\/F+\Ex)\/bx2+cx4
7 (9bB-11Ac) Vbx?+cx* 7c (9bB-11Ac) Vbx?+cx?

+ +
45 b3 x7/2 15 b* x3/2
2 1/4
7¢5/% (9bB-11Ac) X (W+WX) _ brex EllipticE[ZAr‘cTan[ﬂ], 1} /
(Vb + /e x)? br% "~ 2
(15 b4 \/bx?+cx* | -
2 1/4
7 c5/4 (9bB—11Ac) X (\/FJr\/?x) _ brex? EllipticF[ZAr‘cTan[ﬂ], 1} /
(Vb ++/c x)? b2

(30 b1>/4+/bx?+cx*

Result (type 4, 259 leaves):

ive x (9be2 (—2b2+14bcx2+21c2x4> —A(10b3—22b2cx2+154bc2x4+231c3x6)) -

Vb

Ve
21/b ¢¥? (9bB-11Ac) x° |1+ :
b
c x? ive
21+/b 2 (9bB-11Ac) x* |1+ EllipticF[i ArcSinh|
b

Ji\/?x

45 b* x7/2 | ——— [/ x? (b+cx2)

Vb

Problem 276: Result more than twice size of optimal antiderivative.
J(ex)"‘ (c+dx")? (axI+bxI™)Pdx

Optimal (type 6, 113 leaves, 4 steps):



Mathematica 11.3 Integration Test Results for 1.1.4.3 (e x)™"m (a x\j+b x~k)~p (c+d x"~n)"q.nb | 43

1 b x"\ P dx" -4
————x (ex)" [1+ ) (c+dxn)q(1+
1+m+Jjp a C
] i l+m+j l1+m+n+j b x" dx"
<a xJ +bXJ+n)pAppellF1[;Jp, -p, -9, M, —— - }
n n a c
Result (type 6, 267 leaves):
[ac(1+m+n+jp)x<ex)“‘(xj (a+bx"))P
1+m+j l1+m+n+j b x" d x"
(c+dx”)qupellF1[;Jp,7p, -q, ﬁ’,i,, ]/
n n a c
1+m+j l+m+n+j b x" dx"
((1+m+jp) (ac (L+m+n+3jp) AppellFl[;Jp, -p, -q, MJ = ] +
n n a c
l+m+n+j l1+m+2n+]j b x" dx"
nx" bcpAppellFl[ﬁ,l—p,—q, M,_ij_ }Jr
n n a c
l+m+n+jp l1+m+2n+jp b x" dx"
aquppellFl[i,_p,1_q, - - T, } )]
n n a c

Problem 277: Result more than twice size of optimal antiderivative.

J(ex)”4 (c+dx")? (ax] +bxj*”)5/3 dx

Optimal (type 6, 129leaves, 4 steps):

. dx")d ) 23
(12aex2+J (ex)* (c+dx")® (1+ (axd +bxI™M)
C
33+207 5 33+20j+12n b x" dx" . bx"y2/3
AppellFl| ——=, - =, -q, —————, ———, — | / (33+207) [1+
12 n 3 12 n a C a

Result (type 6, 580 leaves):
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———————12acx* (ex)”* (X (a+bx“>)2/3 (c+dx")f
33+20j+12n

11 513
, , 33,205 2 TP pyxn dxn _
a(33+20j+12n)*AppellFl[———, - —, -q, ————, - , - | /((33+203)
12n 3 n a C
i 33+203 2 33+20j+12n  bx" dx"
(ac (33+203+12n) AppellFl[——=, - =, -q, ——————, - - |+
12n 3 12n a c
33+20§+12n 2 33+20j+24n  bx" dx"
4nx" [3adqAppellFl[~—————, -~,1-q, ——————, - , - ] +
12n 3 12n a c
33+20j+12n 1 33+203+24n  bx"  dx"
2bcAppe11F1[—, -5 -q, ———————————, - , - ] J]+
12n 3 12n a c
. 33+203+12n 2 33+20j+24n  bx" dx"
{b (33+203j+24n) x"AppellFl|—————, -—, -q, ——————, - , - })/
12n 3 12n a c
. 33+203+12n 2 33+203+24n  bx" dx"
(ac (33+203+24n) AppellFl[ ", - =, -q, —————, - ’ - |+
12 n 3 12 n a C
33+20§+24n 2 33+20j+36n  bx" dx"
4nx" [3adqAppellFl[~——————, -~,1-q, ——————, - , - ] +
12 n 3 12 n a C
33+20j+24n 1 33+20j+36n  bx"  dx"
2bcAppe11F1{—, -5 -q, —————————, - , - ] )
12 n 3 12n a C
Problem 282: Unable to integrate problem.
ax™+bx"
Jidlx
cx™+dx"
Optimal (type 5, 54 leaves, 4 steps):
. 1 1 cx™n
ax (bc-ad) xHypergeometric2Fi|1, I S —T]

- +
@ cd

Result (type 8, 27 leaves):
Ja x™ + b x"

————dx

cx™+dx"

Problem 284: Unable to integrate problem.

[l

X gx

c+dx

Optimal (type 6, 64 leaves, 4 steps):

(a+ 9)” (1+ L)fn x" AppellF1l[-m, -n, 1, 1-m, - 2, - <]
X ax ax

dm

Result (type 8, 22leaves):
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J(aJr 3)nxm

— dX

c+dx

Problem 285: Unable to integrate problem.

(a+9)nx2
%dlx
c+dx

Optimal (type 5, 195leaves, 7 steps):

(2ac+bd(1fn))<a+s>1mx (a+§)1+nx2
- +
2a%d? 2ad
b
c3 (a+3 v Hyper‘geometr‘icZFl[lJ 1+n, 2+n, %iil} . 1
d®> (ac-bd) (1+n) 2a°d? (1+n)

2.2 T h242 (1. by ; b
(2a®c*-2abcdn-b*>d®> (1-n)n) |a+ Hypergeometric2F1[1, 1+n, 2+n, 1+ —|
X ax

Result (type 8, 22leaves):
J (a + 3) " x2
—— dX
c+dx
Problem 286: Unable to integrate problem.

[l
c+dx

Optimal (type 5, 131 leaves, 6 steps):

b
1+ 1+ b
(a+ 2) " c2(ait "HypergeometriCZFl[l, 1+n,2+n, C_(a_bxal]
2 X ac-

+ —

ad d?> (ac-bd) (1+n)

(ac-bdn) (a + 9)1”1 Hypergeometric2fF1[1, 1+n, 2+n, 1+ 2|
X

ax

a2 d? <1+n>

Result (type 8, 20 leaves):

ﬂa%)”xdx
c+dx



46 | Mathematica 11.3 Integration Test Results for 1.1.4.3 (e x)~™m (a xj+b x~k)"p (c+d x~n)™qg.nb

Problem 287: Unable to integrate problem.

)
JX dx

c+dx
Optimal (type 5, 101 leaves, 5steps):

b
c (a + 2) Y Hypergeometric2F1 [1,1+n, 2+n, ja—xl]
X ac-—

d(ac-bd) (1+n)

( b\ 1+n . b
a+ ;) Hypergeometric2F1[1, 1+n, 2+n, 1+ ;]

ad (1+n)

Result (type 8, 19leaves):
p\n
J(a X) dx
c+dx
Problem 288: Unable to integrate problem.

o2
A SV dx
J\x (c+dx)
Optimal (type 5, 54 leaves, 3 steps):

b
1+ + =
(a + 9) " Hypergeometric2F1[1, 1+n, 2+n, clog) abd ]
X ac-

(ac-bd) (1+n)

Result (type 8, 22leaves):
J a3
x (c+dx)
Problem 289: Unable to integrate problem.

J(EH s>n dx
X2 (c+dx)

Optimal (type 5, 84 leaves, 4 steps):

b
(a+ g)hn d (a+ g)hn Hyper‘geometr‘icZFl[l, 1+n,2+n, ﬂa—;}}
X X ac-

7bc<1+n)7 c(ac-bd) (1+n)

Result (type 8, 22 leaves):
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J S
X2 (c+dx)
Problem 290: Unable to integrate problem.

[,
X3 (c+dx)

Optimal (type 5, 115leaves, 5 steps):

b
(ac+bd) [a-2)"" a+ f)zm d (a+ E)M Hypergeometric2F1[1, 1+n, 2+n, el ]
+

bZc? (1+n) 7b2c(2+n) c?(ac-bd) (1+n)

Result (type 8, 22leaves):
23)
———dx
JXE' (c+dx)
Problem 291: Unable to integrate problem.

J (a+s>n dx
x° (c+dx)

Optimal (type 5, 207 leaves, 5 steps):

(ac+bd) (a2c2+b2d?) (a+2)""  (3a2c?:2abcd+b?d?) a+ )"

+

b* c* (1+n) b* c3 (2+n)

(3ac +bd) (a + Q)Bm (a+ 9)4”] d* (a+ g)hn Hyper‘geometr‘icZFl[l, 1+n, 2+n, J—xlc > }
X X X

ac-bd
+

b*c? (3+n) 7b4c(4+n) c* (ac-bd) (1+n)

Result (type 8, 22 leaves):
23]
——dx
st (c+dx)
Problem 292: Unable to integrate problem.

(a + 9) " xm
Aoxh gy
J (c+dx) 2
Optimal (type 6, 73 leaves, 4 steps):

ax

(a+ h)n (1+ L)7n x 1" AppellF1[1-m, -n, 2, 2-m, - &, - <]
X ax

d? (1-m)
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Result (type 8, 22leaves):
o)
——dXx
J (c +d X) 2
Problem 293: Unable to integrate problem.

J(a+:)nx2 »
(C+dx>2

Optimal (type 5, 202 leaves, 7 steps):

c(2ac-bd) (a+s)1+n (a+9)1+nx

X

ad? (ac-bd) (d+ <] ad(ds €]

b1 C (a+ Q)
¢ (2ac-bd (2-n)) (a+ —] Hypergeometric2F1[1, 1+n, 2+n, ——| /
X ac-bd

(2ac-bdn) (a + E)Mn Hypergeometric2F1[1, 1+n, 2+n, 1+ i}

(& (ac-bd)? (14n)) - EPRTI

Result (type 8, 22leaves):
ot
—— dX
J (c+dx)?
Problem 294: Unable to integrate problem.

J\(aJrs)nxle
<C+dX>2

Optimal (type 5, 150 leaves, 6 steps):

b)1+n

c(a+
X

d(ac-bd) d+€) 7

b 1+n C (a+ Q)
c(ac-bd(1-n)) [a+ —) Hypergeometric2F1[1, 1+n, 2+n, ———| /
X ac-bd

p )\ 1l+n . b
(a+ ;) Hypergeometric2F1[1, 1+n, 2+n, 1+ =]

ax

(dz(ac—bd>2<1+n))+ ad (10n]

Result (type 8, 20leaves):
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J(‘“ :) o
(c+dx)
Problem 295: Unable to integrate problem.

o2y
N X7 dx
(c +d X) 2
Optimal (type 5, 56 leaves, 3 steps):

b
b (a N 5)1*" Hypergeometric2F1[2, 1+n, 2+n, %:_b%]

(acfbd>2<1+n>

Result (type 8, 19leaves):
2-3)
—— dXx
J (c+dx) 2
Problem 296: Unable to integrate problem.

[,
X ((:erx)2

Optimal (type 5, 105leaves, 4 steps):
d (a + g) e

7c (ac-bd) (d+§)

+

1+n C (a+g)

b
Hypergeometric2F1[1, 1+n, 2+n, X

[(ac_bd(1+n)) [a+—

1/

X ac-bd

(c (acfbd)2 (1+n))

Result (type 8, 22 leaves):
2-2)
———dx
J\x (c+dx)?
Problem 297: Unable to integrate problem.

[,
x2 (c+dx)2

Optimal (type 5, 133 leaves, 5steps):
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(a+s)1+n dz (a+2>1+n

X
+ -

_bc2(1+n) c? (ac-bd) (d+9)

X

1+n c(a+9

Hypergeometric2F1[1, 1+n, 2+n, ——| /
ac-bd

[d (2ac-bd (2+n)) (;;HE

(c2 (ac—bd)2<1+n))

Result (type 8, 22leaves):
o)
—Xle
sz (c+dx) 2
Problem 298: Unable to integrate problem.

[,
x* (c+dx)?

Optimal (type 5, 217 leaves, 5steps):

-

1+n

[d (bd (2+n) (ac+bd (3+n))-ac(ac+bd(5+3n))) -

c(ac-bd) (ac+bd(3+n))}]/

X

(b2c3 (ac-bd) (1+n) (2+n) [d+§))

b 1+n C (a+ g)
d*> (3ac-bd (3+n)) (a+ f] Hypergeometric2F1[1, 1+n, 2+n, ——| /
X ac-bd

(c3 (ac—bd)2<1+n))

Result (type 8, 22leaves):

[,
x3 (c+dx)2
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Summary of Integration Test Results

298 integration problems

A - 231 optimal antiderivatives

B - 2 more than twice size of optimal antiderivatives
C - 49 unnecessarily complex antiderivatives

D - 16 unable to integrate problems

E - Ointegration timeouts



